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Summary 

An experiment i s  described i n  which a s p a t i a l l y  p e r i o d i c ,  

t ime- invar ian t  e l e c t r i c  f i e l d  i s  used t o  c r e a t e  a s p a t i a l l y  

pe r iod ic  c e l l u l a r  flow by the a c t i o n  of an e l e c t r i c  shear  

stress i n  the  region of a f l u i d - f l u i d  i n t e r f a c e .  The c e l l u -  

l a r  motion i s  c lose ly  r e l a t e d  t o  large-amplitude i n t e r f a c i a l  

deformations observed when an e l e c t r i c  f i e l d  s t r e s s e s  the  

i n t e r f a c e  between two f l u i d s  having near ly  the  same e l e c t r i c a l  

conduct iv i ty .  A simple t h e o r e t i c a l  model i s  developed f o r  the 

c e l l  s t reaml ines ,  flow v e l o c i t y ,  and d i s t r i b u t i o n  o f  e l e c t r i c  

p o t e n t i a l ,  and t h i s  model i s  shown t o  be i n  agreement with the 

experimental  observat ions.  
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I .  In t roduct ion  

There have been a number of i n v e s t i g a t i o n s  concerned with 

the  i n s t a b i l i t y  of a f l u i d - f l u i d  i n t e r f a c e  i n  the  presence of  

e l e c t r i c  f i e l d s .  For the ma jo r i ty  of t h i s  work, a t t e n t i o n  

i s  l imi t ed  t o  small-amplitude i n t e r f a c i a l  deformations , a s  is 

appropr i a t e  i n  p r e d i c t i n g  t h e  onse t  of i n s t a b i l i t y .  Under c e r t a i n  

c o n d i t i o n s ,  l a rge - sca l e  deformations of an e l e c t r i c a l l y  s t r e s s e d  

i n t e r f a c e  have been observed t o  be dynamically s t a b l e .  With a 

constant-amplitude e l e c t r i c  f i e l d  imposed perpendicular  t o  an 

i n i t i a l l y  p l ana r  i n t e r f a c e ,  the shape and p o s i t i o n  of t hese  defor-  

mations a r e  nea r ly  s t a t i o n a r y .  Q u a l i t a t i v e l y ,  one can d i s t i n g u i s h  

between a t  l e a s t  two deformation types .  I f  t he  imposed f i e l d  i s  

a l t e r n a t i n g  a t  a s u f f i c i e n t l y  h igh  frequency t h a t  the i n t e r f a c e  

cannot respond paramet r ica l ly  and suppor ts  a n e g l i g i b l e  f r e e  su r -  

f ace  charge,  the  i n t e r f a c e  deforms i n t o  an a r r a y  of s t a t i o n a r y  

sp ikes  with rounded t i p s .  In  t h i s  case  the  f l u i d ,  a s  w e l l  a s  t h e  

i n t e r f a c e ,  appears t o  be s t a t i c .  In  consequence of t h e  f a c t  t h a t  

t he  p o l a r i z a t i o n  fo rce  ac t ing  i n  t h i s  s i t u a t i o n  i s  everywhere normal 

t o  the  i n t e r f a c e ,  the bulk of t he  f l u i d  i s  a l s o  s t a t i c .  ( 5 )  

Figure 1 shows a second type of  deformation found when the  

i n t e r f a c e  between acetophenone and g l y c e r i n  i s  s t r e s s e d  by an e lec-  

t r i c  f i e l d .  In  g e n e r a l ,  the s i z e  of  t hese  deformations i s  a l s o  
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propor t iona l  t o  the i n t e n s i t y  of  the  appl ied  f i e l d .  However, 

the  f l u i d  deformations i n  t h i s  case a r e  n o t  q u i t e  s t a t i o n a r y .  

The s i t u a t i o n  appears very much l i k e  a congregation of s e a l s  with 

smoothly rounded heads pointed skyward. As the  "sea ls"  s o c i a l i z e  , 
the  heads move gent ly  up and down, and sway back and f o r t h .  ( 6 )  

Carefu l  examination shows t h a t  the f l u i d s  above and below the 

i n t e r f a c e  a r e  i n  motion. There i s  no c l e a r  threshold f o r  the 

appearance of the  deformations a s  the e l e c t r i c  f i e l d  i s  r a i s e d .  
1 1  The mechanism f o r  t h i s  quasi" s t a t i o n a r y  s t a t e  i s  bel ieved 

t o  be c lose ly  r e l a t e d  t o  the  ex is tence  of i n t e r f a c i a l  e l e c t r i c a l  

shear ing t r a c t i o n s  t h a t  give r ise t o  c e l l u l a r  convection i n  the  

bulk of the  f l u i d  ad jacent  t o  the deformed i n t e r f a c e .  These shear  

t r a c t i o n s  a r e  poss ib l e  because the  f l u i d s  conduct e l e c t r i c a l l y  t o  

approximately the  same degree.  The c e l l u l a r  convection i s  cons is -  

t e n t  with the  work of Taylor ,  McEwan, and DeJong (7 )  who have observed 

c e l l s  i n  and around a sphe r i ca l  drop of f l u i d  stressed by an appl ied  

e l e c t r i c  f i e l d .  

It  i s  recognized a t  the o u t s e t  t h a t  the  large-amplitude equi-  

l i b r i a  a r e  made poss ib l e  by nonuniformities i n  the  e l e c t r i c  f i e l d .  

Much of the complication i n  providing a t h e o r e t i c a l  p i c t u r e  of the 

phenomena a r i s e s  because these nonuniformit ies  a r e  brought about 

by the  deformations themselves. In the work presented h e r e ,  c e l l u -  

l a r  convection i s  s tud ied  by d e l i b e r a t e l y  imposing a nonuniformity 

i n  the  e l e c t r i c  f i e l d .  An experiment i s  descr ibed i n  which a 

s p a t i a l l y  pe r iod ic ,  t ime-invariant  e l e c t r i c  f i e l d  i s  used t o  c r e a t e  

a s p a t i a l l y  pe r iod ic  c e l l u l a r  flow by the  a c t i o n  of an e l e c t r i c  

stress i n  the  region of a f l u i d - f l u i d  i n t e r f a c e .  The experiment 

i s  arranged i n  such a way a s  t o  allow the  establ ishment  of t h i s  

f low without s i g n i f i c a n t  deformation of the  i n t e r f a c e .  The s e l f -  

c o n s i s t e n t  e f f e c t s  of i n t e r f ace  d i s t o r t i o n  needed t o  understand 

f u l l y  the  e q u i l i b r i a  shown in  F i g .  1 represent  a f u r t h e r  compli- 

c a t i o n  t h a t  w i l l  no t  be developed here .  
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The geometry of the model i s  shown i n  Figure 2 .  There a r e  

two s l igh t ly-conduct ing  f l u i d s  above a segmented e l ec t rode  along 

which i s  impressed a s inuso ida l ly -d i s t r ibu ted ,  time-independent 

e l e c t r i c a l  p o t e n t i a l  V cos(.rrx/i?). The f l u i d - f l u i d  i n t e r f a c e  i s  

considered t o  remain p a r a l l e l  t o  and a t  a f ixed  d i s t ance  above 

t h e  conducting e l ec t rode .  The region above the  i n t e r f a c e  extends 

t o  i n f i n i t y ,  and g r a v i t y  i s  taken as a c t i n g  i n  the  minus y d i r e c -  

t i o n .  The parameters and va r i ab le s  a r e  t o  be denoted e i t h e r  by a 

s u b s c r i p t  o r  supe r sc r ip t  a o r  b ;  a i n d i c a t i n g  v a r i a b l e s  a s soc ia t ed  

with the  region above the i n t e r f a c e ,  and b those i n  the region below. 

F i n a l l y ,  the  flow considered is  r e s t r i c t e d  t o  be two-dimensional - 
t h a t  i s ,  no v a r i a t i o n  in  the z -d i r ec t ion .  The ce l l s  produced i n  

t h i s  case a r e  of t he  s implest  type r e a l i z a b l e ,  and a r e  c a l l e d  by 

Chandrasekhar " r o l l  cells". 

0 

(8) 

There a r e  two e s s e n t i a l  a spec t s ,  namely: one of the  f l u i d s  i s  

i n  e l e c t r i c a l  contac t  with the e l ec t rodes  used t o  e s t a b l i s h  the  

e l e c t r i c  f i e l d ,  and the  charge r e l a x a t i o n  process dominates charge 

convection. The f i r s t  condition prevents  induced charge from 

forming a t  the  f l u i d - f l u i d  i n t e r f a c e  i n  such a way as t o  e l imina te  

the  shear  stress of e l e c t r i c a l  o r i g i n ;  t he  second condi t ion  implies 

t h a t  t he  e l e c t r i c  f i e l d  i s  not  dependent on the f l u i d  motion. This 

i n  t u r n  implies t h a t  the e l e c t r i c  f i e l d  i s  e s s e n t i a l l y  determined 

only by the  e l ec t rode  s t r u c t u r e  , f l u i d - f l u i d  i n t e r f a c e  geometry, 

and the  e l e c t r i c a l  p rope r t i e s  of the  f l u i d s .  Under these  condi t ions ,  

the  appl ied  e l e c t r i c  f i e l d  c rea t e s  a shear  stress a t  t he  f l u i d - f l u i d  

i n t e r f a c e  which induces the f l u i d  motion, and an equi l ibr ium flow 

is  e s t a b l i s h e d  when the  e l e c t r i c a l  stress i s  balanced by the  viscous 

s t ress  a r i s i n g  from t h i s  f l u i d  motion. 

11. Theore t i ca l  M i d e l :  Equations and Boundary Conditions 

Because the  f l u i d s  a r e  assumed t o  be s l igh t ly-conduct ing ,  t he re  

a r e  no l a r g e  cu r ren t s  which could produce s i g n i f i c a n t  magnetic f i e l d s .  

Therefore ,  the magnetic f i e l d  w i l l  be assumed n e g l i g i b l e  and the  
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e lec t r ic  f i e l d  E s a t i s f i e s  the equat ions 

V X E  = 0 

and 

v *  eE = q 

where q i s  t h e  f ree  charge dens i ty  and E is  the p e r m i t t i v i t y .  

Conservation of f r e e  charge r equ i r e s  

v * 7  + a q / a t  = 0 (3  1 

where 5 i s  the  f r e e  c u r r e n t  dens i ty .  

r e l a t i v e  t o  a m a t e r i a l  p a r t i c l e ,  O h m ' s  law i n  the  form 7' = D E '  

i s  assumed t o  be v a l i d  ( t h e  p r i m e s  i n d i c a t e  v a r i a b l e s  i n  the 

For a n  observer  a t  r e s t  
- 

l o c a l  f l u i d  r e fe rence  frame and D i s  the  conduc t iv i ty ) .  This  

c o n s t i t u e n t  law expressed i n  the  l abora to ry  i s  
- 
J = aE + q v  ( 4 )  

(9 )  where i s  the v e l o c i t y  of the f l u i d .  

The phys ica l  laws which govern the  motion a r e  conservat ion 

of mass 

v *  p v  + + / a t  = 0 ( 5 )  

and conservat ion of momentum i n  the  form 
- 

-(e) Dv = - v ( p  + pgy) + p 2 J  + f 
P D t  

where p i s  the  mass demsity,  p i s  the hydrodynamic p r e s s u r e ,  g i s  

t h e  magnitude of t he  a c c e l e r a t i o n  due t o  g r a v i t y ,  

v i s c o s i t y  (considered cons t an t ) ,  -(e) f i s  the  force  dens i ty  of  

- - + v -  V .  For a f l u i d ,  t he  form D 
e l e c t r i c a l  o r i g i n ,  and - - a t  
of t he  force  of e l e c t r i c a l  o r i g i n  i s  given by 

i s  the  f l u i d  

- a 

- I - -  1 a &  - -  ?(e) = qE - - E-EVJE + "[? p(-) E * E ]  
a p  T 2 (7 )  
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where the  subsc r ip t  T i nd ica t e s  an isothermal process.  The 

d e r i v a t i o n  of t h i s  force  densi ty  is c a r r i e d  out  i n  d e t a i l  i n  

t he  var ious  t e x t s .  (10) 

An i n i t i a l  s imp l i f i ca t ion  of t h i s  model may be made by con- 

s i d e r a t i o n  of how charge r e l axa t ion  behaves i n  the presence of 

charge convection; equat ions ( 2 )  - (5) may be combined t o  obta in  

For every f l u i d  p a r t i c l e ,  the charge r e l a x a t i o n  mechanism opera tes  

i n  s p i t e  of the presence of  charge convection t o  force  the  quan- 

t i t y  q / p  t o  r e l a x  t o  zero as  exp-(a/E)t .  The f r e e  charge must 

vanish  i n  the  i n t e r i o r  independently of t he  f l u i d  motion. The 

convection process may a l t e r  the charge d i s t r i b u t i o n  i n  space,  

but cannot change the  r e l axa t ion  time E / O  assoc ia t ed  with t h e  

r e l a x a t i o n  of the f r e e  charge dens i ty .  

With q equal t o  zero i n  t h e  bulk of the  f l u i d s ,  t he  two - 
bulk coupling terms qv and qk i n  equat ions ( 4 )  and ( 6 )  a r e  zero;  

t he re fo re  the f i e l d  and f l u i d  must couple i n  the  i n t e r f a c e  region 

as s p e c i f i e d  by the  necessary boundary condi t ions .  One f u r t h e r  

s i m p l i f i c a t i o n  may be e f f e c t e d  by incorpora t ing  the  e l e c t r o s t r i c -  

t i o n  term of equation ( 7 )  i n to  the  pressure  term of the  equat ion 

of motion ( 6 ) ,  by de f in ing  an e f f e c t i v e  pressure  TT such t h a t  

Examination of t he  bulk equat ions reveals t h a t  t h e r e  a r e  1 2  

boundary condi t ions ,  four  for  the  e l e c t r i c  f i e l d  and e i g h t  f o r  the  

v e l o c i t y .  The condi t ion  tha t  the  e l e c t r i c  f i e l d  and v e l o c i t y  must 

vanish  a s  y e  provides one of t h e  four  e l e c t r i c  f i e l d  condi t ions  

and two of the  e i g h t  f l u i d  condi t ions ;  hence the remaining n ine  

condi t ions  must be obtained a t  t he  i n t e r f a c e  and the  conducting 

e l ec t rode .  The model r equ i r e s  the  normal and shear  v e l o c i t i e s  a t  
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t h e  e l e c t r o d e  be zero and the normal v e l o c i t i e s  a t  the  i n t e r f a c e  t o  

be zero.  

requi red  t o  be continuous a t  the  i n t e r f a c e ,  and the  normal compo- 

nent  of cu r ren t  i n  the f l u i d  must s a t i s f y  con t inu i ty  a t  t he  

i n t e r f a c e .  In  a d d i t i o n ,  the f i e l d  m u s t  match the  p o t e n t i a l  appl ied  

t o  the  e l ec t rode .  The preceding comprises seven condi t ions ;  cont in-  

u i t y  of t a n g e n t i a l  v e l o c i t y  and the  t o t a l  shear s t ress  a t  the  i n t e r f a c e  

a r e  t h e  remaining condi t ions .  O f  t he  boundary cond i t ions ,  the two 

which provide the coupling mechanisms a r e  of the  g r e a t e s t  i n t e r e s t ,  

namely: conservation of charge and con t inu i ty  of t h e  t o t a l  shear  

stress a t  the  i n t e r f a c e .  The condi t ion f o r  conservation of charge 

For the  e l e c t r i c  f i e l d ,  the t a n g e n t i a l  component i s  

i s  w r i t t e n  i n  the  form (11) 

- 
where Q i s  the  sur face  charge dens i ty ,  n i s  the u n i t  normal f o r  the  

i n t e r f a c e  d i r e c t e d  from region b t o  region a and Vx.Qv i s  the su r -  

face  divergence of sur face  cur ren t  dens i ty  QG. 
t he  f l u i d  p rope r t i e s  i n  the region of t he  f l u i d - f l u i d  i n t e r f a c e  a r e  

t h e  same as those f o r  f l u i d  i n  the bulk,  and hence the re  i s  

no su r face  cu r ren t  due t o  a conduction mechanism ( i . e . ,  due t o  the  

presence of a sur face  conduct iv i ty) .  I t  the re fo re  follows t h a t  t he  

only su r face  c u r r e n t s  allowed i n  t h i s  model occur a s  convection of 

f r e e  su r face  charges.  The condition on the  t o t a l  shear  s t r e s s  may 

be obtained from a s t r e s s  tensor  r ep resen ta t ion  of the right-hand 

s i d e  of equation ( 6 ) ,  a s  follows: 

- 

It  is  assumed t h a t  

- 
= o . ? ;  

t o t a l  f 

where 
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- - 
and I i s  the u n i t  t ensor  of second o rde r .  The vec to r  t r a c t i o n  

a c t i n g  on an element of the f l u i d - f l u i d  i n t e r f a c e  i s  

L e t t i n g  the  subsc r ip t  s denote the t a n g e n t i a l  d i r e c t i o n ,  the  condi- 

t i o n  on the  t o t a l  shear  s t r e s s  is  

where x and x a r e  v a r i a b l e s  i n  the  normal and shear  d i r e c t i o n s  

r e spec t ive ly .  

reduces t o  

S n 
Recal l ing t h a t  vn i s  zero along the i n t e r f a c e ,  t h i s  

b 
b b  - - E E ~ E ~ + E E E  X 

d V  

'b a x y  b X Y  
- - X 

'a 

In  those cases f o r  which the convection of charge may be neglected 

(second term i n  Eq. l o ) ,  the  f i e l d  i s  completely uncoupled from the  

f l u i d  motion and i s  determined only by the  e l ec t rode  p o t e n t i a l  and 

f l u i d - f l u i d  i n t e r f a c e  geometry. This means the  problem sepa ra t e s  

under these condi t ions  i n t o  two p a r t s :  f i r s t ,  t he  s o l u t i o n  of a 

l i n e a r  f i e l d  problem, and second, determinat ion of the  f l u i d  flow 

produced by the  imposed e l e c t r i c  f i e l d .  

through the  a c t i o n  of t he  e l e c t r i c  shear  stress a t  t he  f l u i d - f l u i d  

i n t e r f a c e ,  a s  given by Equation (15) .  Expressing the  equat ions f o r  

t he  model i n  non-dimensional form secures  three-dimensionless para-  

meters; the  ordinary Reynolds' number 

The f i e l d  induces t h i s  flow 

pu k? 
IJ. 

Ry = 

which is a measure of the importance of the  convective i n e r t i a l  term 

r e l a t i v e  t o  the  viscous term pVzT , t he  e l e c t r i c  Reynolds' number (12) 



. which i s  a measure of the importance of the  charge convection 

r e l a t i v e  t o  charge conduction, and the  i n t e r a c t i o n  parameter 

s = *  

which i s  a measure of the  electromechanical energy conversion. 

The q u a n t i t i e s  u ,  a ,  and v a r e  respec t ive ly  the c h a r a c t e r i s t i c  

v e l o c i t y ,  l ength ,  and e l e c t r i c  p o t e n t i a l .  From Buckingham’s 

.rr-theorem (I3) t h e r e  e x i s t s  a func t iona l  r e l a t i o n  between these 

parameters , say 

S = S (Re, Ry) (19) 

This  i n d i c a t e s  f o r  the s p e c i a l  case t h a t  Re and Ry approach zero ,  

S becomes a cons t an t ,  and the  ve loc i ty  must be propor t iona l  t o  the 

square of t he  appl ied  p o t e n t i a l .  I n  the  experiment a s soc ia t ed  with 

t h i s  model, i n t e r e s t  was confined t o  an inves t iga t ion  of the  s teady 

s t a t e  corresponding t o  t h i s  l imi t ing  case .  Therefore ,  i n  t he  f o l -  

lowing a n a l y t i c a l  s o l u t i o n ,  steady s t a t e  is assumed and the  two 

terms, p v  - V V  and V * Q T  , a r e  neglected.  This allows the  separa-  

t i o n  of the problem as indicated.  The range of v a l i d i t y  of t h i s  

s o l u t i o n  i s  given i n  terms of the Reynolds’ numbers a s  Re< 1 and 

Ry < 1. 

- 
c 
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111. Solu t ion  f o r  t he  Case R e  < 1 and Ry < 1 

With the f i e l d  uncoupled from f l u i d  motion, a s c a l a r  po- 

t e n t i a l  i s  used t o  f a c i l i t a t e  t h e  f i e l d  s o l u t i o n .  Defining 

t h e  p o t e n t i a l  such t h a t  E = -08 and r e c a l l i n g  t h a t  q = 0 ,  

E q s .  (1) and (2) i n d i c a t e  0 must s a t i s f y  Laplace 's  equat ion ,  

- 

2 v g = o  

i n  each of  t he  f l u i d  regions.  The s o l u t i o n s  matching the  

boundary condi t ions  a r e  

k?E 
e @a = - O 7 cos(Tx/P,) 

-IT 

and 
U 

s inh (Ty/ ,4?) J cos (Kx/ a )  a [cosh(TY/k?)- - 
b 

0 
t E  b 

@=7 U 

where -1 E = -  -rrvo [cosh("d/i?) + - *a sinh(-ITd/l) ] 

b 0 Q CJ 

The e l e c t r i c  f i e l d ,  given by - OB, i s  a s  shown i n  F ig .  3 .  

The f i e l d  induces the flow by the  a c t i o n  of t he  e l e c t r i -  

c a l  shear  stress a t  t h e  i n t e r f a c e .  The e l ec t r i c  shea r  stress 

(which i s  p ropor t iona l  t o  E E ) must have a p e r i o d i c  v a r i a t i o n  

i n  the  x -d i r ec t ion  w i t h  a per iod  which i s  h a l f  the  per iod  of 

t h e  f i e l d  v a r i a t i o n .  The s p a t i a l  per iod  of the  flow should be 

h a l f  t h a t  of the  f i e l d .  A s  with  the  f i e l d  equat ions ,  i t  i s  

coi!venient t o  so lve  f o r  the f l u i d  motion us ing  an a u x i l i a r y  

func t ion .  Hence, 

X Y  

(14) where $ is  t h e  z component ai the  v e c t o r  stream funct ion .  

This  s a t i s f i e s  conservat ion of  mass. 
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- 
S u b s t i t u t i o n  of Eq. (23) i n t o  the c u r l  of E q .  ( 6 )  - -  wi th  pv-Vv 

omit ted - -  y i e l d s  

2 2  V U @ =  0 

t h e  bihannonic equat ion.  

T h e  r e s t r i c t i o n  t o  a flow which i s  p e r i o d i c  i n  the  x-d i rec-  

t i o n  sugges ts  a s o l u t i o n  of t he  form 0 

The func t ion  f ( y )  must s a t i s f y  the equat ion 

and choosing s o l u t i o n s  which s a t i s f y  t h e  boundary condi t ions  a t  

i n f i n i t y  o b t a i n s ,  f o r  the upper f l u i d ,  

a a - 2 r Y / j  
fa = u ( c l  + c2 y ) e  

and,  i n  the  lower f l u i d ,  

2Ty/e) + b 
(cl  + c2y)cosh( 
(c: + c b y ) s i n h ( 2 T y / j j  

4 

f b  = U C b  
To f a c i l i t a t e  the  determinat ion of t he  cons t an t s  us ing  the  

remaining boundary cond i t ions ,  t he  following procedure w i l l  be 

app l i ed .  F i r s t ,  t he  con t inu i ty  condi t ion  on the  x-components a t  

t he  f l u i d - f l u i d  i n t e r f a c e  w i l l  be s a t i s f i e d  by r e q u i r i n g  

( 2 9 )  

The condi t ion  on t h e  normal components a t  t he  f l u i d - f l u i d  
i n t e r f a c e  and the  condi t ion  of n o - s l i p  and no normal flow a t  t he  

e l e c t r o d e  su r face  a r e  app l i ed  nex t ,  t o  ob ta in  a s o l u t i o n  f o r  t he  

f l u i d  motion i n  terms of  U(the maximum 
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v e l o c i t y  a t  t he  f l u i d - f l u i d  i n t e r f a c e ) .  The f i n a l  condi t ion  on 

t h e  t o t a l  t angen t i a l  shear  stress i s  then used t o  couple the  f i e l d  

and flow so lu t ions  by r e l a t i n g  U t o  the  p o t e n t i a l  amplitude V . 
The s o l u t i o n  i n  terms of U i s  given by 

0 

=  ye -ay’d s i n  (ax/d) 

and 

s i n  mx/d - a (y+d)s inh (ay /d )  + y s i n h  a s inh [ l z ( l+y /d ) l  
2 2 yib = u 

s inh  a - a 

where 
a = 27rd/t 

Appl icat ion of equation (23) obtains  the  v e l o c i t y  components i n  

terms of U .  F i n a l l y ,  equation (15) i s  used t o  r e l a t e  the  v e l o c i t y  

U t o  the amplitude of the  appl ied p o t e n t i a l  V - s u b s t i t u t i n g  and 

rear ranging  terms y i e l d s  
0 ’  

where 

2 2 % 2 2 ) = ( s inh  01-01 ) / I 2  - ( s inh  a - a  )+ s inh  Za-Za].  ‘a c1, 
b ’b 

da,,, 

a 
[cosh 2 + 

J a 

b 
- s inh  I L }  
0 

The form of t h i s  r e s u l t  i s  i n  agreement with the  dimensional a n a l y s i s  

which ind ica ted  f o r  R e  and Ry approaching zero t h a t  

u- S(0,O) -  v2 
w e  0 

(33 )  

Examination of t h i s  r e s u l t  for  U shows t h a t  t he  sense o f  the  steady 

s t a t e  flow ( i . e . ,  the s ign  of U )  i s  determined by the r a t i o  of the  
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t i m e  cons t an t s  which charac te r ize  the charge r e l axa t ion  process 

i n  the  two regions.  The f a c t o r  g i s  always p o s i t i v e ,  assuming the 

e s s e n t i a l l y  p o s i t i v e  na tu re  of the f l u i d  parameters.  This f a c t  i s  

r e a d i l y  apparent when it  is noted t h a t  the  funct ion . s i n h  a - a 
i s  always p o s i t i v e  f o r  a 3 0. A ske tch  of t h i s  funct ion f o r  

U 

0 
- 0.2915 and a = 0.01515 i s  shown i n  Figure 4 .  'a 2 - -  

'b 
In  the  ex- 

b 
periment,  the  depth d of the  lower l aye r  of f l u i d  was chosen s o  

the  maximum value of t h i s  geometrical  f a c t o r  w a s  a t t a i n e d ;  t h i s  

i n  t u r n  g ives  the  maximum ve loc i ty  a t  t he  i n t e r f a c e  f o r  a given 

value of V . The stream l i n e s  f o r  t he  flow a r e  shown i n  Figure 5. 
0 

I V .  Experiment and Resul t s  

The arrangement of an experiment t o  demonstrate the  above 

t h e o r e t i c a l  explanat ion of the  c e l l u l a r  flow i s  given i n  Figure 6 .  

The f l u i d s  are contained within a pyrex tank a t t ached  t o  an in su la -  

t i n g  base which supports  the  e l ec t rode  s t r u c t u r e  f o r  the  appl ied  

p o t e n t i a l .  The e l ec t rodes  a r e  e l e c t r i c a l l y  connected t o  a r e s i s -  

tance br idge ,  which i n  tu rn  i s  connected t o  the  high vol tage  power 

supply a s  shown i n  Figure 6 .  An i n s u l a t i n g  top which supports  a 

f r e e  e l e c t r o d e  i s  used t o  approximate the  boundary condi t ions  ( i . e . ,  

no - s l ip  and vanishing f i e l d )  a t  i n f i n i t y .  The e l ec t rode  s t r u c t u r e  

c o n s i s t s  of equal  a r e a  brass  f o i l  s t r i p s  whose width and spacing 

were chosen t o  give a good f i t  t o  t he  continuum e l e c t r o d e  of the 

theory and s t i l l  n o t  support  arcing a t  the  l a r g e s t  experimental  

vo l tages .  The inner  dimensions of t he  tank a r e  4.000 inches X 

0.965 inches X 2.05 inches deep. The e l ec t rodes  a r e  1.600 inches 

X 0.200 inches X 0.002 inches brass f o i l  s t r i p s .  The r e s i s t a n c e  

br idge i s  constructed of 22 megohm r e s i s t o r s .  

To observe the  flow, a syringe was used t o  e n t r a i n  small-  

diameter bubbles of a i r  i n  the  f l u i d .  These small  bubbles were then 

i n j e c t e d  i n t o  the  f l u i d  i n  a plane along the  cen te r  of the tank,  and 

as near  as poss ib l e  to t he  f l u i d - f l u i d  i n t e r f a c e .  The two f l u i d s  
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used w e r e  Mazola corn o i l  and Dow Corning FS-1265 s i l i c o n e  o i l .  

The p r o p e r t i e s  of these  f l u i d s  as used in  the  c a l c u l a t i o n s  are 

l i s t e d  i n  Table 1. These t w o  f l u i d s  a r e  t r anspa ren t ,  with t h e  

corn o i l  exh ib i t i ng  a s l i g h t  straw c o l o r ,  and the  Dow Corning 

FS-1265 being c o l o r l e s s .  

da ta  without c r e a t i n g  a dis turbance of t he  e lectr ic  f i e l d ,  a 

photographic technique was used. Under in t ense  i l l umina t ion ,  t h e  

bubbles appeared a s  b r i g h t e r  po in ts  of l i g h t ,  and l e f t  d i s t i n c t  

images on the  f i lm.  Using a c a l i b r a t e d  s h u t t e r  and keeping the  

t imes of exposure s h o r t  yielded accu ra t e  data  f o r  the determinat ion 

of t h e  magnitudes of the ve loc i ty  a t  var ious  p o i n t s  of t he  flow. 

The assumption of a two-dimensional flow was observed t o  be w e l l  

s a t i s f i e d  in  the  c e n t r a l  plane of  t he  tank. Long t i m e  exposures 

were a l s o  obtained a f t e r  a steady flow w a s  reached; these  f i lms  

gave a good record of t he  a c t u a l  s t reaml ines  of t h e  flow. 

In order t o  obta in  t h e  necessary flow 

As t he  bubbles d i s s i p a t e d ,  it was observed t h a t  t he  flow 

occurr ing  i n  the  tank remained unaf fec ted ;  hence,  it was concluded 

t h a t  t he  presence of even a la rge  q u a n t i t y  of bubbles d i d  n o t  s i g -  

n i f i c a n t l y  d i s t o r t  the  f l u i d  motion. 

us ing  the  bubbles were t h a t  they had, of n e c e s s i t y ,  t o  be renewed 

p e r i o d i c a l l y ;  and, f u r t h e r ,  t h e i r  motion due t o  the  buoyancy force  

se t  t h e  lower l i m i t  on the  usable flow data  which could be d e t e r -  

mined accu ra t e ly .  

t h i s  lower boundary occurred a t  approximately V 

responds t o  a maximum f i e l d  i n t e n s i t y  along t h e  i n t e r f a c e  of 

2.74(10 )v/m. 

i n s t a b i l i t y  of the  f l u i d - f l u i d  i n t e r f a c e  which took the  form of 

f i laments  of t he  Dow Corning FS-1265 e rup t ing  along the  e lectr ic  

f i e l d  l i n e s  i n  the  regions of maximum f i e l d  i n t e n s i t y .  This  i n -  

s t a b i l i t y  occurred a t  approximately Vo = 

Two major disadvantages i n  

For the  given experimental  geometry and parameters ,  

= 0.4kv, which cor-  
0 

4 The upper l i m i t  on t h e  range of  vo l tages  used was an 

8 .1  kv, which corresponds 
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t o  a maximum f i e l d  i n t e n s i t y  along the i n t e r f a c e  o f  5 .46 (105)  . 
The r e s u l t s  of the experiment a r e  presented i n  the  form of a 

m 

s t r e a k  photograph which gives  the s t reamlines  of the observed flow 

and a p l o t  of U versus l7 a s  neasured compared with the  model pred ic-  

t i o n  of Eq. (32).  In  the  experiment, a s  ind ica ted  i n  Figure 6 ,  V 

i s  t h e  peak-to-peak appl ied  p o t e n t i a l  a s soc ia t ed  with the  e l ec t rode  

s t r u c t u r e  and r e s i s t a n c e  bridge. To r e l a t e  t h i s  vo l tage  to. the 

amplitude V of the  t h e o r e t i c a l  model, it i s  assumed t h a t  V cor-  

responds t o  the  fundamental Fourier  component of a t r i a n g u l a r  wave 

of amplitude V / 2  and s p a t i a l  period 2 

0 0 

. This assumption y i e l d s  

4 2  v = ( / T T ) v  
0 

and f o r  the  data of Table 1, equation (32) becomes 

U = 0.045 V2 

(34) 

(35 )  

where U i s  i n  m i l l i m e t e r s  per  second and V i s  i n  k i l o v o l t s .  The 

s t r e a k  photograph i s  shown i n  Figure 7 ,  and the  U vs  V p l o t s  a r e  

given i n  Figure 8. 

V.  Conclusions 

In comparing the  a c t u a l  flow streamlines  with those pred ic ted  

by t h e  t h e o r e t i c a l  model a s  shown i n  Figure 5 ,  it  i s  seen t h a t  the  

genera l  form including the  sense of the  flow agrees  we l l ;  but t he re  

a r e  some d i f f e rences .  In  p a r t i c u l a r ,  the  a c t u a l  sur face  i s  s l i g h t l y  

deformed and the  presence of the end w a l l s  and tank top has  caused 

the  c e l l  appearance t o  d i f f e r  from t h a t  seen i n  Figure 5 .  

agreement between the  measured va lues  of U and those p red ic t ed  by 

Eq. (32) ( the  curve marked t h e o r e t i c a l  with V 0 = 

the  pa rabo l i c  dependence with V i s  very ev iden t ,  and the  f a c t  t h a t  

the  experimental  curve f a l l s  below the  t h e o r e t i c a l  curve may be 

explained by cons idera t ion  of the  f i n i t e  ex ten t  of the  f l u i d  ( i . e . ,  

The 

4v 2 
/-IT ) i s  good; 
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t h e  e f f e c t s  of tank wal l s )  and by examination of the  Reynolds' 

numbers. The e l e c t r i c  Reynolds' number R e  f o r  both f l u i d s  s a t i s -  

f i e d  t h e  condi t ion  R e  < 1; f o r  a v e l o c i t y  of U = 1 m i l l i m e t e r s  p e r  

second and 2 = 3.4(10 ) meters 
-2  

-2 
R$ = 1 . 6  (10 ) , corn o i l  

and b 
R e  = 5 . 5  , s i l i c o n e  o i l  

For the  ord inary  Reynolds' number Ry and the  same c h a r a c t e r i s t i c  

va l u e s  

R$ = 0.57 , corn o i l  

and 
R! = 0.13  , s i l i c o n e  o i l  

In  the  corn o i l ,  t h e  ord inary  Reynolds' number i s  equal  t o  u n i t y  

f o r  a v e l o c i t y  1 . 7  mm/s, and t h e  experimental  da ta  begins t o  d e v i a t e  

s i g n i f i c a n t l y  when U > 2mm/s. This  implies  t h a t  t he  convect ive 

i n e r t i a l  t e r m  pV.177 i s  becoming important i n  t h e  flow; f u r t h e r ,  
a the  f a c t  t h a t  even a t  va lues  of Ry > 1 t h e r e  i s  agreement i s  no t  

unusua l ,  a s  t h i s  i s  a l s o  the  case f o r  Stokes '  and Oseen's s o l u t i o n s  

f o r  t h e  problem of the  sphere.  (I5) 

model i s  success fu l  i n  p red ic t ing  t h e  flow i n  the  range f o r  which 

Re( 1 and Ry < 1, and appears  t o  y i e l d  a reasonable  explana t ion  f o r  

t he  observed continuum electromechanical i n t e r a c t i o n  p r e s e n t  i n  the  

experiment . 

In  gene ra l ,  t h e  t h e o r e t i c a l  
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* FLUID PARAMETER 

Dielectr'ic constant, v€* 
Conductivity, 6 (fi vn)* 

Specific gravi ty  

DOW CORNING 
FS-1265 

3.3 

1.25 

0 375 

MAZOLA CORN 
OIL 

-10) 0.3 (10 

0.91 

60 

0.0546 

Table 1. 
used i n  the  theore t ica l  calculations. 

Nominal room temperature (20-25OC) f l u i d  properties 
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POTENTIAL Vo cos ( ~ ~ 1 8 )  7 
Figure 2 Cross - sec t iona l  view i n d i c a t i n g  t h e  f l u i d - f l u i d  i n t e r -  

f ace  and the  conducting e l e c t r o d e .  The e l e c t r o d e  is  i n  

e l e c t r i c a l  con tac t  wi th  t h e  f l u i d  i n  the  reg ion  below 

t h e  i n t e r f a c e .  
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Figure 3 Cross-sec t iona l  view showing the  l i n e s  of  force  f o r  t he  

e l e c t r i c  f i e l d .  It should be noted t h a t  the f i e l d  l i n e s  

shown w e r e  chosen t o  i n d i c a t e  c l e a r l y  the  r e f r a c t i o n  

through the  f l u i d - f l u i d  i n t e r f a c e ;  a s  a consequence, 

t he  dens i ty  o f  the  f i e l d  l i n e s  i n  any por t ion  of t he  

diagram does no t  r e l a t e  t o  the  f i e l d  i n t e n s i t y  i n  the  

usua 1 way. 
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Figure 4 A p l o t  of the geometrical  f a c t o r  g ( a )  versus  01 f o r  the  

s p e c i f i c  values  2~ /p = 0.2915 and U n/ab = 0.01515. a b  
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Figure 5 Streamlines of the flow for a = 1.67, 2V/p.,, a = 0.2915 

and a/ab = O.Ol515. The streamfunction is normalized 

to unity at the vortex axis in the upper cells. 
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Figure 6 a )  Schematic diagram o f  experimental  tank. 

b) 
and r e s i s t a n c e  bridge t o  power supply.  The r e l a t i v e  l o -  

c a t i o n  of the  f l u i d - f l u i d  i n t e r f a c e  above the e l ec t rodes  

and i n s u l a t i n g  base i s  ind ica ted  i n  the  c ros s - sec t ion .  

Side view of tank,  showing connection o f  e l ec t rodes  
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Figure  8 P l o t  showing U i n  m i l l i m e t e r s  p e r  second versus  V i n  

k i l o v o l t s  f o r  t he  experiment us ing  Mazola corn o i l  and 

Dow Corning FS-1265 s i l i c o n e  o i l .  The curve marked 

' t h e o r e t i c a l '  i s  from E q .  (32)  with Vo= 4 v / ~ 2  and the 

f l u i d  paparmeters of Table 1. 


